
ALGEBRA COMPREHENSIVE EXAMINATION
Fall 2010

Brookfield, Krebs, Shaheen*

Directions: Answer 5 questions only. Indicate CLEARLY which five you want us to grade—
if you do more than five problems, we will select five to grade, and they may not be the five
that you want us to grade. You must answer at least one from each of groups, rings, and
fields. Be sure to show enough work that your answers are adequately supported.

Notation: Q denotes the rational numbers; Sn denotes the symmetric group; Zn denotes the
integers modulo n; Dn denotes the dihedral group.

Groups

1. Let G and H be groups and ϕ : G → H be a group homomorphism.

(a) Let H ′ be a subgroup of H. Prove that

ϕ−1[H ′] = {x ∈ G | ϕ(x) ∈ H ′}

is a subgroup of G.

(b) Prove or give a counterexample: If ϕ is onto and H is cyclic, then G is cyclic.

2. Suppose that G is a simple group of order 168.

(a) Prove that G contains exactly 8 Sylow 7-subgroups.

(b) Prove that G contains exactly 48 elements of order 7.

3. Show that A4 is the smallest subgroup of S4 that contains the 3-cycles (1, 2, 3) and
(2, 3, 4).

Rings

1. Let M be the ring of all 2 × 2 matrices with integer entries. Prove that there does
not exist an ideal I of M such that M/I is isomorphic to the ring of integers. Hint:

Consider the matrices

(
0 1
0 0

)
and

(
0 0
1 0

)
.

2. Prove that any ring (with unity) having three elements is isomorphic to Z3.

3. Let c be an element of a finite commutative ring R with unity 1. Show that exactly
one of the following two conditions holds:

(a) bc = 1 for some nonzero b ∈ R.

(b) bc = 0 for some nonzero b ∈ R.

[Hint: Consider the function ϕc defined by ϕc(x) = xc for x ∈ R.]



Fields

1. Let E be the splitting field of f(x) = x3 − 5 over Q. Is Gal(E/Q) abelian? Find a
familiar group (like Zn, Sn, Dn, . . .) that is isomorphic to Gal(E/Q).

2. Let p be a prime number, and let F be a field with pa elements for some positive integer
a. How many elements x of F are there such that xp−1 = 1? Prove that your answer
is correct.

3. Let F ⊆ E be fields and α ∈ E. Show that α2 is algebraic over F if and only if α3 is
algebraic over F .
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